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ABSTRACT

A generalization of the Hirschman inversion formula and a new jump formula
for the Laplace transform are proved.

In this part of our paper we shall make use of theorems and methods of the first
part and a generalization of formula (25) p. 132in [1], to get a new jump formula
and a generalization of the known Hirschman inversion formula for the Laplace
transform

§5. Real inversion formula of Hirschman type. We begin by defining for
y > Oand therealsequences {g(k)}and {a,} (k = 1),theoperator W[k, y,g(k)a;;f]
operating on the function f(x) by

) +a) ™
T(g(l))

(1.5) WIk,y. g(k),ap;f] =2 &E

: f i ul28® o Quy(g(k) + a) ) f (w)du

Yo

where J,(z) is the Bessel function of the first kind, of order v and I'(z) is the I'-
function.

A function ¢(¢) belongs to class G if ¢(t)e L,(0O,R), R > 0 and, for
0() = [od(u)du, we have 0(f) = 0(t") (t } o) for some finite r and
0(t) =0(t")(¢10) for each m > 0.

We say that {g(k)} € D if {g(k)} is a real sequence satisfying g(k) ~ k(k } c03).
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THEOREM 1.5. Suppose that f(x) is the Laplace transform of ¢ (1), ¢(t) e G
and let {g(k)} € D. Then,for any fixed y > 0, we have:
(i) If {a.} € A(2) and both ¢(y + 0) exist, then
limg, o, W[k, y,g(k),a,;f]1 =(1 = N() ¢ (y - 0) + N() $(y + 0)
(ii) If{a,} e B* and ¢(y +) exists, then
lim, ., , W[k, y,g(k),ai;f] = ¢(y +).
(iii) If {a,} € B~ and ¢(y — ) exists, then
limk-voo W[k’y’g(k)ak ;f] =@y —).
(iv) If{a,} € Band yisa point of continuity of ¢(t), then
limk-too W[k:y’g(k)ak;f] = ¢(.V)
(v) If{a,} € A*,both ¢(y + 0) existand are equal, then
lim,, W[k,y,g(k),ar;f] = ¢(y + 0) (= $(y — 0)).
Theorem 1.5 with g(k) = k and a, = 0 is Hirschman’s inversion formula([2]).

A function «(f) belongs to class H if for some finite r >0 «(f) =0(t")(t 1 o0)
and for each m > 0 «(t) = 0(t")(¢| 0).

THEOREM 2.5. Letf(x) be the Laplace-Stieltjestransform of afunctiona(t) e H
andlet{g(k)} € D. Thenforany y > 0, in thefollowing four cases

2.5 lim vW[k, u,g(k),a,;f ] du
k- JO
and
(3.5) ,klim Wlk,y,g(k),ax;f1] (where f1(x) =f (x)/x)

exist and are both equal (respectively) to

a(y +) if {a,}eB"
aly —) if {a,}eB”
a(y) if a(y—)=a(y+) and {a,}€B.

[(I—N(A))a(y—)+N(/1)a(y+) if {a}edd)

4.5

In the special case g(k) =k and a, =0, Theorem 2.5 is Theorem 4a of [2].
By the heuristic method of §2 we get some new jump formulae. We state here and
provein §7 the final results, without the heuristic calculation.

THEOREM 3.5. Let {g(k)} € D and {a;} € A() for some real A. Suppose f(x) is
the Laplace transform of ¢(t) € G. If for some y > 0 both ¢(y + 0) exist, then

. a1, 27k _ ®
kllm e* /’%{Hz—»—()’(g(k) + ak))(g(k) 1)/2'J0 x(g(k)ﬂ)/z‘]g(k)— 1(2{xY(g(k)+ak)}1/2)-

f(x)dx = ¢(y +0) — ¢(y - 0).
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THeOREM 4.5. Let {g(k)} € D and {a,} € A(A). Suppose that f(x) is the Laplace
Stieltjes transform of o(t) € H. Then for any fixed y >0

. 22/, \/’27'C_k(g(k) + ak) (g(k)~1)/2
(a) kl-l.I: e e .

' f du f: ) EO*D2 L (2{xu(g(k) + a)}'?).

S(X)dx =a(y +) = oy =).

.22 \/Zﬂk()’(g(k)’*‘ak))(g(k)_l)/zy © (ey-1)/2 .
) fme T{g(0) J X
e -12y(g(k) + a ) *)dx =y +) — oy —).

Theorems 3.5 and 4.5 for g(k) = k and a, = 0 (k 2 1) yield simpler results. For
instance, from Theorem 3.5 we get

Corollary 1.5 Under the assumption of theorem 3.5 we have

_ 0y k)2 ®
lim i@—y_‘l—)r—km }- x*EORT L (20xy k) ) f (x)dx
k=0 : 0

=¢(y +0) — ¢(y - 0).

§6. A general formula for the Laplace transform. In this section we prove a
generalization of formula (2.5) on page 132 of [1]. This result will be used in
proving the theorems of §5.

LEMMA 1.6.Let f(x) bethe Laplacetransform of ¢(u). Define6(t) = [§(u)du

t 2 0. Suppose that, for the real number v and the two integers p, j satisfying
p—j

(1.6) p=j(mod2), p+j20, v+—§——>—2,

we have )

(2.6) (1) = 0(F)(t } @) forsomer=0r<v+1+ £2l’—

and

(3.6) 6(t) =0(")(t|{ 0)  for somem > _v_;—_p + %
Then, for s > 0,

46  si > f WO g fas)fu)du

0

=(- 1)(p+j)/2Jw¢(t)(a%) w+i/2 {e"/' t—v”—l}dt
0

- 7o) (el
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The specialcase p = j = 0of Lemma 1.6 is formula (2.5) on page 132 of [1].

Proof. We have for u > 0,

flu) = f eMS(1)dt = u f " ety

0o

where fi(u) =u [Fe ~"'|0(r)|dt exists for u > 0. Now (see Widder [3] p. 181
Theorem 1.) fy(u) =0(u"")(u | 0) for the r of (2.6), fy(u) =0(u"")(u 1 o) for
the m of (3.6), and as is well known,

Jo(w) = 0(u")(u 0), Jo(u) =0(u"*)(u } )
for real o. Therefore

(5.6) sU=vr2 f w2 us)/u f e "' |6(r)|dtdu
0 0

converges for s > 0; now

66 T=s0702 [ w2 fuss) du

=s("'”)/2J- u(”")/sz_l-(Z\/iE)uf e~ "'9(t)dt du
0 0
(by (5.6) and Fubini’s theorem)

=s‘j_v)/2J. 0(p) { '[ uttRRty (2 us)e” “'du} dt.
We have
o
(1.6) J=SU- f WOEPIDYY ) [0S e iy
0

@ ) Sk ktv+((p—i)/2)+1
- J e—ut { E (_ k
0 k=0 k'or(k'l"’—l'*'l)

Changing formally the order of summation and integration we get

_ v _ Sk —Ilr k+v+((p Ni2)+1
(8.6) J“,Eo( bf k'l“(k+v—]+1) du

_ P+J
(v+ 2 +1> 1, v+ = = > - 2)

r(k+v+ P2] +2)s"

KTGk+v—j+1)

5 1
=3 (_) KHvE(p=])2+2
k=0 t
= (—p)erir ( ‘%)«pm/zm TRttty
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Now Fubini’s theorem and the fact that

- r(k+v+(p———1)+2)
)y 2 e
=0 Kk'Ttk+v—j+1

is an integral function justify the formal change of summation and integration.
Combining (6.6) and (8.6) we get

{t -v+j+it e-—slt}dt

I = (-1)(p+;/z>+;J;°° B(t)( d

(p+i)2)+1
d_t)

{p+ 2 ® d 412 ~-v+j—1 _-—s/t H 3
= (- 1D J; o) (217) {t e”¥"}d1 (by integration by parts)

w 1 2 d\@+i2 o v— 1 du 1
J; d)(—;) (u —d—u) {e*u }u—z(whereu _T')

Q.E.D.

§7. Proofs of the Theorems of §5.

Proof of Theorem 1.5. Under the suppositions of our Theorem, the sub-
stitutions (in Lemma 1.6) of p =j =0, s = y(g(k) + a,) and v = g(k) imply

_ VI RN S S
(1) Iy = Wy, g(h), ay; ] = LEDEIN . [ % g mews

148 ax
L W eIy _ g(k)g(k) { f +J‘ g(k)/g (k) +
I'(g(k) 0 1-5

e ® k7 =1 ax
+ f + f {e—g izTEW d)(z (1+———) )dz
g (k)/g (k) +ax 142 y g(k)

=L+ L+ 3+, forsome s, O0<d<l.

Define

2.7 a(t) = J: o(zy(1 + akg(k)"))dz for t20.
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Now for any sequence {a,} satisfyiyng a, = 0(k) (k1 o0) we haveza(t) = 0(¢"),
(11 o) for some finite r. Hence

ok -8z, ~4 ()~
Iga~ %em‘){[e E(k)/z, =8 (k) la(z)]f’“ +

+ J. e-z(k)/zz—z(k)—l( g(zk)+ glk) +1 ) a(z)dz} -0 as (kf )
143 z z

since0<e-e”®:2z"' <1 for z>1 4 4. Similarly

lim Ik,l = 0
k-

The calculations in the proof up to now depend only on a; = 0(k) (k1 c0). This
condition is satisfied in all cases (i)—(v). Now we prove the case (i) of our theorem .
We estimate I ; by means of Theorem 2.3. Substitute there a =1, b=1+34,
h(z) = — (1/z) — log(z), our — A for the 4 there and for the {a;} there, substitute
{(axg(k)/g(k) + a)} (k = 1) where {a,} is the sequence given in our theorem. It is
easytoseethatthelastsequence belongs to A( — 1). Also choose

$uu) = u™ p(uy(1 + a, - g(K)™").

Theorem 2.3 yields for these substitutions
klim L3 =¢(y+0)(1—N(- 1)) =Ny +0).

Similarly we get by using Corollary 2.3 instead of Theorem 2.3.

liml,, =¢(y—ON(= 1) =(1-NA)¢(y-0).

k= o

Combining the estimations for I (i =1,2,3,4) we obtain the proof of case (i).
The proofs of conclusions (ii)«(v) are similar to the proofs of (ii)(v) in
Theorem 1.2,

Proof of Theorem 3.5. Choose, in Lemma 1.6, p=j=1, v=g(k) and
s = y(g(k) + a,). Then ¢(¢) which satisfies the asumptions of Theorem 3.5, satis-
fies for k = k, the asumptions of Lemaa 1.6 for the above choice of the parameters.
Hence, by Lemma 1.6,
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M2 J2=ky iy,
T'(g(k) {y(g(k) + a,‘)}"(") 1372

: fx‘"’"“" 12y o @xy(e() + a} ) (x)dx

13/: VZR y{y(g(k)+ak)} g(k)~1 f ¢(t)e y(gk) +ax)/t -K(k) 2,

I'(g(k)
- {(g(k) + apy — tg(k)}dt =
oo o tg(k)
( and by the substitution z = g_——_(k) n a.)

ot P sy 8(R) | f‘ : r(*)/wwk)
e 2V e i

N fxu N Jm }¢ (zy(e(k) + a) g (k) )e @/ ®=2(1 — 5)dz
[ 4

Je(k)g (k) + ) 1+3

=l 1+ 34+ 3+, where 0<d < 1.

We estimate I, 5 by means of Theorem 4.3. Substitute there a=1,b=1+9,
h(z)= — z '=logz, our — A for the A there, and for {a,} there, substitute
{ — (arg(k)/8(k) + a,) } (k = 1) where {a,} is the sequence given in our theorem.
It is easy to see that the last sequence belongs to A( — A). Also choose
¢u(u) = u " P(uy(1 + a,,g™)). Theorem 4.3. yields for these substitutions

3.7 :im Lis=¢(y+0)

The above substitution and the argument of the proof of Theorem 1.5 yield
llm1k2="‘¢(y O) and hmIkl-—llm Ikz—o

ko

Proof of Theorems 2.5 and 4.5, The arguments used in proving Theorems 1.5
and 3.5 and some simple modifications prove our theorems. Q.E.D.

§8. REMARKS.

The arguments used in proving Theorems 1.5 and 3.5 yield the following
result too.

THEOREM 1.8. Leta bereal and let {g(k)} € D. Suppose thatf(x) is the Laplace
transform of ¢(1), I(')e""‘tb(u)du =0(t") (1} ) for some finite r; then for any
fixed y>0and anyn>0
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() lim ™MWk, y +1,8(k),a1:f2] = (1-N(A)$(y — 0) + N(A)¢(y +0)

k»rx

(i) Lim ("2 2nk(y + )€™ {(y + n)(e(k)+a)}* @~ V)T (K))- fo T,

[ £.2.]

Lo 12{x(y + m{(g(0) + a)}')f,(x)dx = ¢(y + 0) — ¢(y — 0).

where f,(x) = " "**9f(x + a).
Results analogous to (ii)-(v) of Theorem 1.5 can also be stated in the present
set up.

In the same way that Theorem 1.8 follows from Theorems 1.5 and 3.5 it is
possible to obtain analogous results from Theorems 2.5 and 4.5 by replacing the
assumption a(t) € H by a(f) = 0("z") (11 o) (for some real a and r).
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